線形代数の量子化と積分幾何 ($Sp$(2,$\mathbf{R}$)と$SU$(2,2)上の保型形式 III) by 大島, 利雄
Title線形代数の量子化と積分幾何 ($Sp$(2,$\mathbf{R}$)と$SU$(2,2)上の保型形式 III)
Author(s)大島, 利雄



















, , , $GL(n)$
















$GL(n, \mathbb{C})$ $G$ , , $G$
J $X\in M(n,\mathbb{C})$ $\varphi(x)\vdash+\frac{d}{dl}\varphi(xe^{tX})|_{t=0}=\tau_{\mathrm{Z}}\varphi(dx+txX)|_{t=0}$
, $M(n, \mathbb{C})$ ($\mathbb{C}$ ,
. $\mathbb{R}$ ). ( ) 1 0
$E_{ij}$ . ( $\sum_{\nu,\mu=1}^{n}$ xVPE,l)E $= \sum_{\nu=1}^{n}x_{\nu\dot{\iota}}E_{\iota j}$, ,
(1.1) $E_{ij}= \sum_{\nu=1}^{n}X_{\nu}:\frac{\partial}{\partial x_{\nu j}}$
, (Lie )
(1.2) $[E_{ij},E_{k\ell}]=\delta_{jk}E_{i\ell}-\delta_{\ell’}.E_{kj}$
$\mathfrak{g}$ $G=GL(n,\mathbb{C})$ Lie $\mathfrak{g}\mathrm{f}_{n}$ $\mathfrak{g}\simeq M(n,\mathbb{C})=$
$\sum_{i,j=1}^{n}\mathbb{C}E_{ij}$ .
$G$
$\varphi$ $g\in G$ $\pi_{g}\varphi(x)=\varphi(g^{-1}x)$ , $X\in M(n, \mathbb{C})$




(1.3) $L_{E_{ij}}=- \sum_{\nu=1}^{n}x_{j\nu^{\frac{\partial}{\partial x_{i\nu}}}}$
. $n\mathrm{x}n$
(1.4) $(E_{ij})=t(X_{ij})( \frac{\partial}{\partial x_{ij}})$ , $t(L_{E_{j}} \dot{.})=-(x_{ij})t(\frac{\partial}{\partial x_{\dot{\mathrm{n}}j}})$ .
9 G. ( ) , $U(\mathfrak{g})$
, $\mathfrak{g}$ $\sum_{m=0}^{\infty}\otimes^{m}\mathfrak{g}$ $X\otimes \mathrm{Y}-\mathrm{Y}\otimes X-[X,\mathrm{Y}](X, \mathrm{Y}\in \mathfrak{g})$
.
$g\in G$ U( ) Ad(g) , $X\in M(n, \mathbb{C})\simeq$
, $X\succ*\mathrm{A}\mathrm{d}(g)X=gXg^{-1}$ .
2. ,
, $\mathfrak{g}=M(n,\mathbb{C})$ $P(\mathfrak{g})$ ,
$\mathfrak{g}$ Ad(g) . ,
( ) . , $A\in M(n, \mathbb{C})$
$A\mapsto A(t)$ $=\mathrm{A}\mathrm{d}(e^{tX})A$ ($X\in$ ) , $A$ ( )
$U(\mathfrak{g})$ $G$
. $\mathfrak{g}$ $\mathfrak{g}^{*}$ $\mathfrak{g}$
(2.1) $(X,$ $\mathrm{Y}\rangle=\mathrm{b}\mathrm{a}\mathrm{c}\mathrm{e}X\mathrm{Y}$
P( ) $S(\mathfrak{g})$
$V_{A}= \bigcup_{g\in G}\mathrm{A}\mathrm{d}(g)A$ $arrow\overline{V}_{A}$ ( $G$ ) $\subset S(\mathfrak{g})$
.$\cdot$. $\downarrow$
$U(\mathfrak{g})$ $G_{\mathrm{R}}$ $arrow-$ $U(\mathfrak{g})$ ( $G$ )
$U(\mathfrak{g})$ S( ) (cf. [05])
(2.2) $U$‘( ) $:=(_{k=0} \sum^{\infty}\otimes^{k}\mathfrak{g})/\langle X\otimes \mathrm{Y}-\mathrm{Y}\otimes X-\epsilon[X, \mathrm{Y}];X, \mathrm{Y}\in \mathfrak{g}\rangle$
. $\epsilon$ , , . $U(\mathfrak{g})=U^{1}(\mathfrak{g})$,
$S(\text{ })=U^{0}(\mathfrak{g})$ , $\epsilon\neq 0$ $U^{1}(\mathfrak{g})\ni X\mathrm{b}arrow\epsilon X$ $U^{\epsilon}(\mathfrak{g})$
.
, $\epsilon$ 1
, (2.2} . $\epsilon$
$U^{\epsilon}(\mathfrak{g})=U(\mathfrak{g})[\epsilon]$ , (Poincar\’e-Birkhoff-Witt )
.
$V_{A}$ . , $\mathbb{C}^{n}$
$n$ $\mathrm{b}_{n}^{\vee}$ .
$\lambda=(\lambda_{1}, \ldots, \lambda_{n})\in \mathbb{C}$ , $\tilde{\mathrm{e}}_{n}\lambda$ $n!$
(2.3) $s_{j}(x)-s_{j}(\lambda)$ $(j=1, \ldots,n, s_{j}(x)=\sum_{1\leq i_{1}<\cdots<i_{\mathrm{j}}\leq n}x_{i_{1}}\cdots x_{i_{j}})$
, ( $S_{j}(x)= \sum_{i=1}^{n}x_{i}^{j}$ ).
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, .
(2.4) $\prod_{i=1}^{n}(x_{i}-\lambda_{j})$ $(j=1, \ldots,n)$ ,
(2.5) $\prod_{j=1}^{n}(x_{\dot{l}}-\lambda_{j})$ $(\mathrm{i}=1, \ldots,n)$ .
$\lambda$ generic (2.4) . ,
$\lambda=(\mu, \ldots, \mu, \nu, \ldots, \nu)$ $\infty k!n-\cdot\neg k!n’$ , $\mathrm{F}\mathrm{h}\mathrm{g}_{\backslash }$ .
$\infty-$
$k$ $n-k$
(2.4) (2.5) , .
$(x_{i_{1}}-\mu)\cdots(x_{i_{n-k+1}}-\mu)$ , $(oe_{j_{1}}-\nu)\cdots(x_{j_{k+1}}-\nu)$
(2.6)
$(1\leq \mathrm{i}_{1}<\cdots<\mathrm{i}_{n-k+1}\leq n, 1\leq j_{1}<\cdots<\acute{\mathit{1}}k+1\leq n)$ ,
(2.7) $(x_{i}-\mu)(x_{i}-\nu)$ $(\mathrm{i}=1, \ldots,n)$
$\mu\neq\nu$ , (2.6) , (2.7) $j=1$ (2.3) .
21. (2.3) , $\mathrm{b}_{n}^{\vee}$ ,
[OS] (cf. [OP], [07]). , ( )
, ( , Heckman-Opdam
[HO] ). , (2.3) $x_{i}$ $\tau_{x}^{\partial_{-}}\dot{.}$
, , $1\tilde{5}_{n}$
, $(x, \lambda)$ , [O2]
($\lambda=0$ $\mathrm{b}_{n}^{\sim}$ ).
3. , Generalized Verma Modules
$n$ $\{n_{1}’, \ldots, n_{L}’\}$
(3.1) $\{$
$n_{j}$ $=n_{1}’+\cdots+n_{j}’$ $(1 \leq j\leq L)$ , $\mathrm{n}_{0}=0$ ,
$\Theta$ $=\{n_{1}, n_{2}, \ldots, n_{L}\}$ ,
$\iota_{8}(\nu)$ $=j$ if $n_{j-1}<\nu\leq n_{j}$ $(1 \leq\nu\leq n)$
. $\Theta=\{n_{1}<n_{2}<\cdots<n_{L}=n\}$ $n$
. ( Lie ) $\mathfrak{n}\mathrm{e},\overline{|\iota}\mathrm{e},$ me $\iota \mathrm{e}(i)>\iota \mathrm{e}(j)$,
$\iota \mathrm{e}(\mathrm{i})<\iota \mathrm{e}(j)$ $\iota \mathrm{e}(\mathrm{i})=\iota_{\Theta}(j)$ $E_{ij}$ , $\mathfrak{p}_{8}=$
$\mathrm{m}_{\Theta}+\mathrm{n}_{9},$ $\mathrm{n}\iota_{\Theta}^{k}=\sum_{\iota_{9}(i\rangle=\iota\circ\{j)=k}\mathbb{C}E_{ij},$ $\mathfrak{n}=\sum_{1\leq j<\dot{*}\leq n}\mathbb{C}E_{ij},\overline{\mathfrak{n}}=\sum_{1\leq i<j<n}\mathbb{C}E_{\dot{\iota}j\prime}$
$a= \sum_{j=1}^{n}\mathbb{C}E_{j\mathrm{j}}$ $\mathfrak{p}=\alpha+\mathfrak{n}$ . $\mathfrak{n}\iota_{\Theta}=\mathrm{m}_{8}^{1}\oplus\cdots\oplus \mathrm{m}_{\mathrm{e}}^{L}$ , $\mathfrak{p}$
Borel , $\Theta$ p Borel

















$A_{L1}$ $A_{L2}$ $A_{L3}$ $\lambda_{L}I_{n_{\acute{L}’}}$
; $A_{ij}\in M(n_{i}’,n_{j}’;\mathbb{C})\}$ .
. $I_{m}$ $m$ , $M(k,\ell;\mathbb{C})$ $k\mathrm{x}\ell$ .
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3.1. $A\mathrm{e},\lambda$ , Jor an
(3.3)
$\mu\in \mathrm{C},1\leq k\leq n\oplus J$
($\#\{i;\lambda_{:}=\mu$ $n_{i}\geq k\},$ $\mu$)
$J(m,\mu)=(\begin{array}{llll}\mu 01 \mu \ddots .1 \mu\end{array})\in M(m,\mathbb{C})$
. , Jordan , $\Theta$ $\lambda$ ,
.




$\Leftrightarrow \mathrm{A}\mathrm{d}(g)f\in J_{8}^{\epsilon}(\lambda)$ $(\forall g\in G)$





Ann $(M_{\Theta}^{\epsilon}(\lambda)):=\{D\in U‘$(9)$; DM_{\mathrm{e}}^{\epsilon}(\lambda)=0\}$ ,
$I_{8}^{\epsilon}(\lambda):=\mathrm{A}\mathrm{n}\mathrm{n}_{G}(M_{\Theta}^{\epsilon}(\lambda)):=$ { $D\in U^{\epsilon}(\mathfrak{g})j$ Ad$(g)D\in \mathrm{A}\mathrm{n}\mathrm{n}$ $(M_{6}^{\epsilon}(\lambda))(\forall g\in G)$ }
, $\mathfrak{p}\mathrm{e}$ $\mathbb{C}$ (Lie 1 ) $\lambda \mathrm{e}$
(3.4) $\lambda \mathrm{e}(\mathrm{Y}+\sum_{k=1}^{L}X_{k}):=\sum_{k=1}^{L}\lambda_{k}\mathrm{T}\mathrm{r}\mathrm{a}\mathrm{c}\mathrm{e}(X_{k})$ for $X_{k}\in \mathrm{m}_{\mathrm{e}}^{k}$ and $\mathrm{Y}\in \mathrm{n}\mathrm{e}$ .
. $\epsilon=1$ , 1 $M\mathrm{e}(\lambda)=M_{\mathrm{e}}^{1}(\lambda)$
. , $A_{\Theta,\lambda}$ VA , $\bigcap_{g\in G}\mathrm{A}\mathrm{d}(g)J_{\mathrm{e}}^{0}(\lambda)$
, $\bigcap_{g\in G}\mathrm{A}\mathrm{d}(g)J_{\Theta}(\lambda)=\mathrm{A}\mathrm{n}\mathrm{n}_{G}(M_{9}(\lambda))=\mathrm{A}\mathrm{n}\mathrm{n}(M_{8}(\lambda))$ .
$I_{9}^{\epsilon}(\lambda)$ . $M_{8}(\lambda)$
$\mathrm{m}_{6}$
$\lambda \mathrm{e}$ Verma ,
Verma
(3.5) $M(\lambda \mathrm{e}):=U(\mathfrak{g})/J(\lambda \mathrm{e})$ ,
$J^{\epsilon}( \lambda_{8}):=\sum_{X\in \mathrm{p}}U$
‘ $(\mathfrak{g})(X-\lambda_{9}(X))$ and $J(\lambda_{\Theta})=J^{1}(\lambda_{\mathrm{e}})$ .
$\mathfrak{g}$ ($\Theta=\{1,2,$
$\ldots,$
$n\}$ $\mathrm{P}\mathrm{e}=\mathfrak{p}$ , $M^{\epsilon}(\lambda \mathrm{e})$ $M^{\epsilon}(\lambda)$ ).




4. , , , Harish-Chandra
$n$ , $n$ ,
. . $U^{0}$ ( ) $G$
, , $Z^{0}(\mathfrak{g})$
. , $Z^{\epsilon}(\mathfrak{g})=$ { $D\in U^{\epsilon}(\mathfrak{g})$ ;Ad$(g)D=D$ $(\forall g\in G)$ }
$\epsilon=1$ , , $Z(\mathfrak{g})$ \simeq | ’’
, ( ) .
$(\mathrm{A}\mathrm{d}(g)E_{ij})={}^{t}g^{-1}\mathrm{E}{}^{t}g$ fFffl ($\mathrm{E}=(E_{ij})$ ),
(4.1) $Z_{k}:=\Re \mathrm{a}\mathrm{c}\mathrm{e}\mathrm{E}^{k}$ $(k=1,2, \ldots)$




(4.2} $\gamma:U^{\epsilon}(\mathfrak{g})\ni Darrow\Gamma(D)\in U^{\epsilon}(a)=S(\alpha)$ $(D-\mathrm{F}(D)\in\overline{\mathfrak{n}}U^{\epsilon}(\mathfrak{g})+U’(\mathrm{g})\mathfrak{n})$
$U^{\epsilon}(\mathfrak{g})=U^{\epsilon}(\overline{\mathfrak{n}})\otimes U$
‘ $(\alpha)\otimes U$‘ (n) U‘( , $a$
, $U^{\epsilon}(a)=S(a)$ . $D’=D+\langle D,$ $\epsilon\rho:=\epsilon\sum_{j=1}^{n}(j-\underline{n}_{2}\pm 1)E_{jj})$
$\Gamma(D)=\gamma(D)’$ , Harish-Chandra ( ) .
(4.3) $\Gamma:Z^{\epsilon}(\mathfrak{g})\simeq S(a)^{\mathfrak{S}_{n}}$ .
$Z^{\epsilon}(\mathfrak{g})$ $Z_{1},$
$\ldots,$
$Z_{n}$ . , $\Gamma(Z_{k})$
(\S 7 [Gol] \sim
, [Cal] 100
, $\gamma(\det(\mathrm{E}, t))=\prod_{i=1}^{n}(E_{ii}-t+\epsilon(n-i))$ :
(4.4) $\det(\mathrm{E},t):=\det(E_{ij}-t+\epsilon(n-i)\delta_{\dot{*}j})\in Z^{\epsilon}(\mathfrak{g})$ $(\forall t\in \mathbb{C})$ .
, .
(4.5) $\det(A_{ij})=\sum_{\sigma\in 6_{n}}\mathrm{s}\mathrm{g}\mathrm{n}(\sigma)A_{\sigma(1)1}\cdots A_{\sigma\langle n\}n}$.
Capelli $E_{ij}\vdasharrow E_{ij}-t\delta_{ij}$ (4.4) .
(4.6) $\det(x_{ij})\det(\frac{\partial}{\partial x_{ij}})=\det(E_{ij}-i\delta_{ij})$ .
4.1. i)(4.4) $t^{k}$ $\Delta_{k}$
(4.7) $Z^{\epsilon}(\mathfrak{g})=\mathbb{C}[Z_{1}, \ldots, Z_{n}]=\mathbb{C}[\Delta_{1}, \ldots,\Delta_{n}]$ .
$\mathrm{i}\mathrm{i})(4.1)$ , Lie (cf. \S 7). , (4.4) , $a_{n}$
(cf. [HU], [Wa])
$\mathrm{i}\mathrm{i}\mathrm{i})$ ( ) , $\lambda=(\lambda_{1},$ $\ldots$ , \lambda
, , $\epsilon=0$















$\mathrm{i}\mathrm{v})$ Verma $M^{\epsilon}(\lambda)$ AnnG ($M$‘ $(\lambda\rangle)$ $D-\langle\gamma(D), \lambda\rangle(D\in$
Z$\epsilon$ ( ) $)$ ( $\mathfrak{g}\mathfrak{l}_{n}$ $\Delta_{k}-\langle\gamma(\Delta_{k}),$ $\lambda\rangle$ $(k=1,$ $\ldots,$ $n)$ ) .
5. zJx , Generalized Capelli Elements
, rank , .
(5.1) $A_{\{k,n\}}(\mu, \nu)=(_{*}^{\mu I_{k}}$ $\nu I_{n-k})$
, $\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{k}(A_{\{k,n\}}(\mu, \nu)-\mu)\leq n-k,$ rank(A{k,n}(\mu , $\nu)-\nu$ ) $\leq k$ ,
$\epsilon=0$ $(E_{ij}-\mu)$ $n-k+1$ $V_{A_{\{k.n\}}}(\mu,\nu)$ .
(5.2) $D_{\{i_{1\prime}\ldots,i_{m}\}\{j_{1\prime}j_{m}\}}^{\epsilon},\ldots(t):=\det(E_{i_{\mathrm{p}\prime}i_{q}}+(\epsilon(m-q)-t)\delta_{i_{p}i_{\mathrm{q}}})_{1\leq p\leq m}1\leq q\leq m\in U^{\epsilon}(\mathfrak{g})$
, CapelU .
, , { $D_{IJ}^{\epsilon}$ ; $\# I=\# J=m,$ $I,$ $J\subset$
$\{1, \ldots , n\}\}$ $G$ ( $G$ $\epsilon$ ) $*$
$[x_{\dot{\iota}j}, \partial_{\mu\nu}]=-\epsilon\delta_{i\mu}\delta_{j\nu}$ , Capelli [O4]
$\det(\sum_{\nu=l}^{n}$ x, $\partial_{\nu j\ell}+\epsilon(m-\ell)\delta_{i_{k}j\ell)_{1\leq\ell\leq m}}1\leq k\leq m$
(5.3)
$= \sum_{1\leq\nu_{1}<\cdots<\nu_{m}\leq n}\det(X_{\nu_{\mathrm{p}}i_{q})_{1\leq p\leq m}\cdot\det(\partial_{\nu_{p}i_{q}})_{1\leq p\leq m}}$
. , $.\forall\epsilon$
(5.4) $D_{IJ}^{\epsilon}(\mu),$ $D_{IJ’}^{\epsilon},(\nu+k\epsilon)$ $(\# I=\# J=n-k+1, \# I’=\# J’=k+1)$
$\mathrm{f}$
$I_{8}^{\epsilon}(\lambda)$ (cf. (2.6)). $\epsilon=0$ $\mu\neq\nu$
$I_{\mathrm{e}}^{\epsilon}(\lambda)$ . ,






61 $([\mathrm{O}5])$ . $M_{\mathrm{e}}^{\epsilon}(\lambda)$ $m=1,$ $\ldots,$ $n$
(6.1) $\{$
$d_{m}^{\epsilon}(x):=d_{m}^{\epsilon}(x, \cdot\Theta_{2}\lambda)=\prod_{j=1}^{L}(x-\lambda_{j}-\epsilon n_{j-1})^{(n_{\acute{\mathrm{j}}}+m-n)}$ ,
$d_{m}=d_{m}( \Theta):=\deg_{x}d_{m}^{\epsilon}(x;\ominus, \lambda)=.\sum_{i=1}^{L}\max\{n_{j}’+m-n, 0\}$,
$e_{m}^{\epsilon}(x):=e_{m}^{\epsilon}(Xj\ominus, \lambda)=d_{m}^{\epsilon}(x)/d_{m-1}^{\epsilon}(x)$,
$q^{\epsilon}(x):=q^{\epsilon}(Xj^{,\lambda)=\prod_{j=1}^{L}(x-\lambda_{j}-\epsilon n_{j-1)}}\cdot$
$d_{m}^{\epsilon}(x)$ $M_{\mathrm{e}}^{\epsilon}(\lambda)$ $m$ , $\{e_{m}^{\epsilon}(x);1\leq m\leq n\}$ $M_{\mathrm{e}}^{\epsilon}(\lambda)$ ,
$q^{\epsilon}(x)$ $M_{\mathrm{e}}^{\epsilon}(\lambda)$ , $d_{n}^{\epsilon}(x)$ $M_{\Theta}^{\epsilon}(\lambda)$ .
(6.2) $z^{(\ell)}:=\{$
$z(z-\epsilon)\cdots(z-\epsilon(\ell-1))$ if $l>0$ ,
I if $\ell\leq 0$ .
6.2. $\epsilon=0$ , 61 $A_{\Theta,\lambda}$
, $U^{\epsilon}(\mathfrak{g})$ .
$d_{m}^{0}(x)$ , $xI_{n}-A_{\mathrm{e},\lambda}$ $m$ .
6.3 $([\mathrm{O}5])$ . $d_{m}^{\epsilon}(x)= \prod_{\nu=1}^{k_{m}}(x-\lambda_{m,\nu})^{N_{m,\nu}}$ $(\nu\neq\nu’\Rightarrow\lambda_{m,\nu}\neq\lambda_{m,\nu’})$
(6.3) $V_{\mathrm{S}}^{\epsilon}( \lambda):=\sum_{m=1}^{n}\sum_{\nu=1}^{k_{n}N}\sum_{j=0}^{m\nu^{-1}}\sum_{\# I=\# J=m}\mathbb{C}(\frac{d^{j}}{dx^{j}}D_{IJ}^{\epsilon}(x))|_{x=\lambda_{m,\nu}}|$
, $I_{9}^{\epsilon}(\lambda)=U^{\epsilon}(\mathfrak{g})V_{\mathrm{e}^{\epsilon}}(\lambda)$. $d_{n}^{\epsilon}(x)=0$ ( ,
regular) ], $\epsilon=0$ Jordan
(6.4), $I_{\Theta}^{\epsilon}( \lambda)=\sum L$
$\sum_{k=1\# I=\# J=n+1-n_{k}’}U^{\epsilon}(\mathfrak{g})D_{IJ}^{\epsilon}(\lambda_{k}+\epsilon n_{k-1})$
.
6.4. i) $I_{\Theta}^{\epsilon}(\lambda)\supset I_{8}^{\epsilon},(\lambda’)\Leftrightarrow d_{m}^{\epsilon}(x;\Theta,\lambda)|d_{m}^{\epsilon}(x;\Theta’, \lambda’)$ $(m=1, \ldots,n)$
( $\epsilon=0$ ) $\Leftrightarrow A\mathrm{e},\lambda\subset\overline{\bigcup_{g\in G}\mathrm{A}\mathrm{d}(g)A\mathrm{e}\prime,\lambda’}$
$\epsilon=0,$ $\lambda=0$ , ,
$\Leftrightarrow d_{m}(\Theta)\leq d_{m}(\Theta’)1_{m=1,\ldots,n})$ .
$\mathrm{i}\mathrm{i})\epsilon=0,$ $\lambda=0$ ( ) , 63 , [Tal]
, [We] . (6.3) , .
$\epsilon=0_{\mathit{3}}\lambda=0,$ $\Theta=\{n\}$ , ,
[Ko] . $GL(n)$ ,
normal variety ([KP]).
7. ,
(5.1) $A\{k,n\}(\mu, \nu)$ $(x-\mu)(x-\nu)$ $(\mathrm{E}-\mu)(\mathrm{E}-\nu)$
$V_{A_{\{k.n\}}(\mu,\nu)}$ . , $\mu\neq\nu$ , $n^{2}$ $\mathrm{R}\mathrm{a}\mathrm{c}\mathrm{e}\mathrm{E}-$
$k\mu-(n-k)\nu$ $I_{\{k,n\}}^{0}(\mu, \nu)$ (cf. (2.7). , $\mu=\nu$
, $k$ \sim
( $(x-\mu)(x-\nu-\epsilon k)$ ). ,
Lie , .
7.1([06]). ( Lie ) $\mathfrak{g}$ $\pi$ : $arrow M(N, \mathbb{C})\simeq \mathrm{E}\mathrm{n}\mathrm{d}(\mathbb{C}^{N})$
$\mathfrak{g}\subset M(N, \mathbb{C})$ . $M(N,$ $\mathbb{C}$} $\langle X, \mathrm{Y}\rangle=\mathrm{b}\mathrm{a}\mathrm{c}\mathrm{e}X\mathrm{Y}$
2 ( ). 2
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$M(N, \mathbb{C})$ $\pi^{*}$ , $\mathrm{F}_{\pi}=(\pi^{*}(E_{ij}))_{1<j\leq N}1\leq i\leq N\in M(N,\mathfrak{g})$
. $Z^{\epsilon}(\mathfrak{g})[x]$ $q(x)$ $q(\mathrm{F}_{\pi})=0$ $\mathrm{F}_{\pi}$
( $\pi$ ) , $q_{\pi}(x)$ .
$V$ , $q(\mathrm{F})V=0$ $\mathbb{C}$ $q(x)$ ,
1 $(\pi, V)$ , $q_{\pi},v(x)$ .
72. i) $\mathfrak{g}=\mathfrak{g}\mathfrak{l}_{n}$ , $\pi$
(7.1) $q_{r\mathrm{r}}(x)=\det(x-E_{ij}-\epsilon(n-i)\delta_{ij})_{1\leq j\leq n}1\leq i\leq n\in \mathbb{Z}^{\epsilon}(\mathfrak{g})[x]$ ,
(7.2) $q_{\pi}(\mathrm{E})=0$ (Cayley-Hamilton),
(7.3) $q_{\tau \mathrm{r},M_{8}^{e}(\lambda)}= \prod(x-\lambda_{j}-\epsilon n_{j-1})$ .
$j=1$
$\mathrm{i}\mathrm{i})q\pi,M_{9}^{\mathrm{e}}(\lambda)(\mathrm{E})$
$N^{2}$ $L_{\mathrm{e}}^{\epsilon}(\lambda)$ , $L_{8}^{\epsilon}(\lambda)$ $G$
, $\lambda$ $s$ $gener’ ic$ ( , $M_{\Theta}^{\epsilon}(\lambda)$ regular )
$I_{8}^{\epsilon}(\lambda)$ $L_{8}^{\epsilon}(\lambda)$ $\Delta_{k}-\lambda \mathrm{e}(\gamma(\Delta_{k}))(k=1, \ldots, L-1)$ .
7.3. i) $V$ $\mathfrak{g}$ , $V$ $\grave{\text{ }}$
, .
$\mathrm{i}\mathrm{i})\mathfrak{g}$ $GL(n)$ Lie $\pi$ ( ) , $V=M_{8}^{0}(\lambda)$ ,
$q_{\pi,M_{8}^{\mathrm{O}}(\lambda)}(x)$ Ae,\sim .
$\mathrm{i}\mathrm{l}\mathrm{i})O(n)$ Lie $\mathit{0}_{n}\theta 2$ \Re ‘\not\equiv $\pi$ $\mathrm{F}_{\pi}=(^{E_{i}}\mathrm{m}_{2}^{E}.)_{1\leq i\leq n}1<j<n$ .
$\mathrm{i}\mathrm{v})$ Race $\mathrm{F}_{\pi}^{k}\in Z^{\epsilon}(\mathfrak{g})$ , $\gamma(\mathrm{h}\mathrm{a}\mathrm{c}\mathrm{e}\mathrm{F}_{\pi}^{k})$ [Gol] . ,
$q_{\pi}(x)$ [Go2] ( , $q\pi,M^{\epsilon}(\lambda)(x)$ , Cayley-
Hamilton ( ) (cf. [OO]) $)$ .
v) \S 6 , [I1], [Um] [Sg].
$\mathrm{v}1)\mathfrak{g}$ $\pi$
$q\pi,M_{9}^{\epsilon}(\lambda)$ [06] , (
) [OO] .
8. , Grassmann , Poisson , Penrose
$U$‘ $(\mathfrak{g})$ , 2 .
, Verma Verma Gap
, .
81([05], [OO]). $\lambda$ $\mathrm{f}$ generic (
$\mathrm{f}$ ,
regular ),
(8.1) $J_{8}^{\epsilon}(\lambda)=I_{8}^{\epsilon}(\lambda)$ $J^{\epsilon}(\lambda_{\Theta})$ (GAP).
, $G$ $GL(n)$ $SL(n)$ $GL(n,\mathbb{C}),$ $GL(n,\mathbb{R}),$ $U(p,q),$ $SU^{*}(n)$
( , Lie ) . $G$ $P$
$P_{9}$ , $G/P\mathrm{e}$ .
$P\mathrm{e}$ 1 $\lambda$
(8.2) $B(G/P_{8;}\lambda):=\{f\in B(G)_{1}. f(gp)=\lambda(p)^{-1}f(g) (\forall p\in P_{8})\}$
. $P\mathrm{e}$ Lie \S 2 p , $\lambda$ }
p 1 . .
(8.3) $\mathrm{A}\mathrm{n}\mathrm{n}(B(G/P\mathrm{e};\lambda)):=\{D\in U(\mathfrak{g});L_{D}f=0 (\forall f\in B(G/P;\lambda))\}=I\mathrm{e}(\lambda)$.
$B(G/P\mathrm{e};\lambda)$ $G$ , ,






Poisson . $G$ Lie , $K$ $G$
$\mathcal{P}\mathrm{e},\lambda$ : $B(G/P\mathrm{e};\lambda)$ $\prec$ $(\subset B(G/P;\lambda \mathrm{e})arrow)\mathcal{P}_{\lambda_{Q}}A(G/K\cdot.\mathcal{M}_{\lambda})$ .
(8.4)
$f\llcornerarrow$ $( \mathcal{P}_{\lambda}f)(g)=\int_{K}f(gk)dk$
Poisson . $\lambda 4_{\lambda}$ , $\lambda$ Riemann
( $G$ , $Z(\mathrm{g})$ , Ann $(M(\lambda \mathrm{e}))$
), $A(G/K;\mathcal{M}_{\lambda})$ . $G/P\mathrm{e}$ , Riemann $G/K$
, (cf. [Sa]).
$P\mathrm{e}$ , Poisson $(G/K; \mathcal{M}x)$
Helgason[H1] $(G=SL(2, \mathbb{R}),$ $\lambda=0$ ,
Poisson ), $G$ [K-] generic
$\lambda$ ( ) .
$\lambda=0$ , ,
Shilov , Stein ,
( Hua )
([BV], [La], [KM], [Shl], [Sh2] ). $\lambda=0$ ,
, [Jn] (
, [K-] ).
$P\mathrm{e}$ $\lambda$ , , \S 8
[K-] , . , $I\mathrm{e}(\lambda)$
, (8.1) , $B(G/P;\lambda_{8})$ $I\mathrm{e}(\lambda)$
$B(G/P_{\mathrm{e}j}\lambda)$ . ,
( $\lambda$ $\mathrm{f}$ generic . $\lambda=0$ ), \S 6 \S 7 $U(\mathfrak{g})$ , $P\mathrm{e},\lambda$
, $\prime p_{6,\lambda}$ $(I\mathrm{e}(\lambda)$
U( ) \sim
8.2. i) Hua , \S 7
, Shilov , tube 2
3 ( ). ,
,
. $SU(m, n)$ Shilov , $m=n$ 2 ,
$m\neq n$ 3 , $G$ $K$
, $m\neq n$ 2 $1[\mathrm{B}\mathrm{V}]$ )
. , [OSh] .
$\mathrm{i}\mathrm{i})$ Lie ( )
1 , \S 7









Penrose . $G\mathrm{c}$ Lie , $G$ $G_{\mathrm{C}}$ , $P\mathrm{c}$ $G\mathrm{c}$
,$\overline{V}$#R ff $G$ , $\mathcal{O}_{\lambda}$ $G_{C}/P_{\mathrm{C}}$
21
. $T\sim n$ : $H^{m}(V, \mathcal{O}_{\lambda})arrow S$ $G\mathrm{c}$ Penrose
($m$ ), \S 6 \S 7
. $S$ , Riemann $G$
.
, $G=U(n, n)$ $\Theta=\{k, 2n\}$ $GL(n, \mathbb{C})$ (
Grassmann $\mathrm{G}\mathrm{r}_{k}(\mathbb{C}^{n}))$ , $S$
[Se] , \S 6
( , , (5.3) ,
$k+1$ )8 $n=2,$ $k=1$
Penrose .
$\mathrm{F}$ Grassmmm $\mathrm{G}\mathrm{r}_{k}(\mathrm{F}^{n})$ , $n$ $\mathrm{F}$ $\mathrm{F}^{n}$ $k$
, . $\mathrm{F}=\mathbb{R}$
$\mathrm{G}\mathrm{r}_{k}(\mathbb{R}^{n}):=$ { $k$ $\subset \mathbb{R}^{n}$ } ( Grassmann )




$P_{k,n}:=\{p=(\begin{array}{ll}g_{1} 0y g_{2}\end{array})$ ; $g_{1}\in GL(k,\mathbb{R}),$ $g_{2}\in GL(n-k,\mathbb{R}),$ $y\in M(n-k, k,\mathbb{R})\}$
$B(G/P_{k,n};\lambda):=\{f\in B(G);f(xp)=f(x)|\det g_{1}|^{\lambda_{1}}|\mathrm{d}\mathrm{e}ig_{2}|^{\lambda_{2}}, \forall p\in P_{k,n}\}$
$(=B(O(n)/O(k)\mathrm{x}O(n-k))$
$=\{f\in B(M^{o}(n, k;\mathbb{R}));f(Xg_{1})=f(X)|\det g_{1}|^{-\lambda_{1}}, \forall g_{1}\in GL(k,\mathbb{R})\}$
$(xarrow t_{X}-1arrow X)$
$\mathrm{G}\mathrm{r}_{1}(\mathrm{F}^{n})$ $\mathrm{P}^{n-1}(\mathrm{F})$ . $\mathrm{F}=\mathbb{R}$ $\Theta=\{k, n\},$ $\mathrm{F}=\mathbb{C}$
$\Theta=\{k, n\}\mathrm{x}\{k, n\}$ , $\mathrm{A}\mathrm{n}\mathrm{n}(B(\mathrm{G}\mathrm{r}_{k}(\mathrm{F}^{n});\lambda))$ \S 6
$k+1$ $n-k+1$ , \S 7
2 Traoe Z( ) 1
.
9. Radon , ,
$B(G/P\mathrm{e};\lambda)$ $B(G/P\mathrm{e}’;\lambda’)$ $G$ ,
, ( )Radon
$G$ . Qrassmann Radon $(0<k<\ell<n)$
$\mathcal{R}_{l}^{k}$ : $B( \mathrm{G}\mathrm{r}_{k}(\mathbb{R}^{n}))\ni\phi\}arrow(\mathcal{R}_{\mathit{1}}^{k}\phi)(x)=\int_{o(l)/O(k)\mathrm{x}O\{\ell-k)}\phi(xy)dy\in B(\mathrm{G}\mathrm{r}\ell(\mathbb{R}^{n}))$
, $GL(n,\mathbb{R})$
(9.1) $\mathcal{R}_{\ell}^{k}$ : $B(G/P_{k,n};(\ell,0))arrow B(G/P_{\ell,n};(k,0))$
$G$ . $k+\ell<n$ $\dim \mathrm{G}\mathrm{r}_{k}(\mathbb{R}^{n})<$
$\dim \mathrm{G}\mathrm{r}_{f}(\mathbb{R}^{n})$ , $I\mathrm{e}(\lambda)$ .
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9.1 ([O4]). $0<k<\ell<n,$ $k+\ell<n$ $R_{\ell}^{k}$ $M^{0}(n, \ell;\mathbb{R})$
$G$ .
$\{\Phi((x_{ij} )_{1\leq i\leq\ell,1\leq j\leq n})\in B_{(}’M^{0}(n,l;\mathbb{R}))$ ;
$\Phi(xg)=|\det g|^{-k}\Phi(x)$ for $g\in GL(l,\mathbb{R})$ ,
$\det(\frac{\sigma}{\partial x_{i_{\mu}j_{y}}})_{1\leq\mu\leq k+1}\Phi(x)1\leq\nu\leq k+1=0$
(Capelli )
for $1\leq i_{1}<\cdots<\mathrm{i}_{k+1}\leq n,$ $1\leq j_{1}<\cdots<j_{k+1}\leq\ell\}$ .
$M^{0}(n, \ell;\mathbb{R})=$ { $A\in M(n,\ell;\mathbb{R})$ ;rank $A=\ell$}.
92. i) $\mathbb{C}$ 91 $([\mathrm{H}\mathrm{i}]\rangle$
$\mathrm{i}\mathrm{i})$ [Ka] , [Ka], [GR] .
9.3([O4]). $G$ Lie , $P\mathrm{e}$ , $Qj(j=1,2)$
$G/P_{8}$ $G$ , $\lambda,$ $\mu_{j}$ $P\mathrm{e},$ $Q_{j}$ 1
, $\phi_{j}$ $G$ .
$\phi_{1}(q_{1}xp)=\mu\iota(q_{1})\lambda(p)\phi_{1}(x)$ $(q_{1}\in Q_{1}, p\in P_{\mathrm{S}})$ ,
(9.2)
$\phi_{2}(q_{2}xp)=\mu_{2}(q_{2})\lambda(p)\phi_{2}(x)$ $(q_{2}\in Q_{2}, p\in P\mathrm{e}, \lambda^{*}=-\lambda-2\rho|_{P_{8}})$
.
(9.3) $\Phi_{\phi_{1},\phi_{2}}(x):=\int_{K}\phi_{1}(xk)\phi_{2}(k)dk(=\int_{K}\phi(k)\phi_{2}(x^{-1}k)dk)$
9.4. i) $\Phi_{\phi_{1},\phi_{2}}(x)$ . $Q_{1}$ Lie
, $Q_{2}$ Lie , \S 6 \S 7 $I\mathrm{e}(\lambda)$ ,
. , (9.2)
$\phi_{1},$ $\phi_{2}$ (9.3) .
$\mathrm{i}\mathrm{i})Q_{1}=Q_{2}=K$ $\mu j$ , $\Phi_{\phi_{1},\phi_{2}}(x)$ ,
. $P\mathrm{e}$
, Lauricella $F_{D}$ [Kr] $)$ .
$\mathrm{i}\mathrm{i}\mathrm{l})Q1=K,$ $Q_{2}=N$ , $\Phi_{\phi_{1},\phi_{2}}(x)$ \S 10 Whittaker vector .
$P=P_{k,n},$ $Q_{2}=P_{\ell,n},$ $\lambda=(\ell,0),$ $\mu 2=(-k,0)$ . $\phi_{2}$ $\mathcal{R}_{\ell}^{k}$
91 , .
9.5. $H$ $GL(n,\mathbb{R})$ , $H_{\mathbb{C}}$ $V$
, $(H\mathrm{c}\mathrm{x}GL(k,\mathbb{C}),$ $V\mathrm{x}\mathbb{C}^{k})$ ( , )
($\ell=1$ $(H\mathrm{c},$ $V)$ ). ,
, (9.2) $\phi_{1}$ ,
(9.3) .
95 , $k=1$ , $(GL(1, \mathbb{C}),$ $\mathbb{C})$ $n$
$(H=GL(1)\mathrm{x}\cdots \mathrm{x}GL(1), \mathbb{C}^{n})$ -Gelfand
[Ao], [GG] . ,
$\Phi(\alpha, x)=\int_{t_{1}^{2}+\cdots+t_{\ell}^{2}=1}\prod_{j=1}^{n}|\sum_{\nu=1}^{\ell}t_{\nu}x_{j\nu}|_{\pm}^{a_{j}}\omega$ $(\alpha_{1}+\alpha_{2}+\cdots+\alpha_{n}=-\ell)$ .
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,.
$\sum_{j=1}^{p}x_{ij}\frac{\partial\Phi}{\partial x_{ij}}=\alpha_{j}\Phi$ for $1\leq \mathrm{i}\leq n$ ( $H$ ) ,
$\sum_{\nu=1}^{n}x_{\nu i}\frac{\partial\Phi}{\partial x_{\nu j}}=-k\delta_{ij}\Phi$ for $1\leq \mathrm{i},$ $j\leq\ell$ ( $GL(\ell,\mathbb{R})$ ),
$\frac{\partial^{2}\Phi}{\partial x_{i_{1}j_{1}}x_{i_{2}j_{2}}}=\frac{\partial^{2}\Phi}{\partial x_{i_{2}j_{1}}x_{i_{1}j_{2}}}$ for $1\leq i_{1}<i_{2}\leq n,$ $1\leq j_{1}<j_{2}\leq I$ (Capelli .
9.6. i) , $n=4,$ $\ell=2$ Gauss .
$\mathrm{i}\mathrm{i})$ 95 , $G$ ,
( ) [Ta2]
.
$\mathrm{i}\mathrm{i}\mathrm{i})$ Penrose , [Se].
10. Whittaker Vectors
$G=KAN$ $G$ , $N$ $\chi$
(10.1) $B(G/N;\chi):=\{f\in B(G);f(gn)=\chi(n)^{-1}f(g) (\forall n\in N)\}$
$G$ $V$ .
$G=GL(n, \mathbb{R})$ $K=O(n)$ , $A= \{\exp(\sum_{j=1}^{n}t_{j}E_{jj});t_{j}\in \mathbb{R}\},$ $N=$
$\{\exp(\sum_{:>j}t_{ij}E_{\dot{\mathrm{z}}j});t_{ij}\in \mathbb{R}\}$ .
(10.2) $\chi(\exp(\sum_{:>j}t_{ij}E_{ij}))=e^{\sqrt{-}(\mathrm{c}_{2 2}}c_{1}t_{21}+t+\cdots+c_{n}-\mathrm{x}^{\ell_{nn-1})}$
$(c_{j}\in \mathbb{R})$ . , $B(G/P_{\Theta;}\lambda)$ $B(G/N;\chi)$
, $O(n)$- $B(G/N;\chi)$ , Whittaker vector
(10.3) $\{$
$u(kgn)=\chi(n)^{-1}u(g)$ $(\forall k\in O(n), \forall n\in N)$ ,
$Du=0$ $(\forall D\in I_{\Theta}(\lambda))$
. $G$ $u$ $A$ $v=u|_{A}$ , $I\mathrm{e}(\lambda)$
, $v$ .
Grassmann $V=B(G/P_{k,n};(\lambda, \mu))$ $(2\leq 2k\leq n)$
, 0 $v$
(10.4) c*$\cdot$ +l $=$ 1 $c_{\dot{2}2}\cdots Cj,+1=0$ $(1\leq \mathrm{i}<n, 1\leq i_{1}<i_{2}<. \cdots<\mathrm{i}_{k+1}\leq n)$
,
(10.5) $\{$
$c_{i}=0$ $(i=2,4, \ldots, 2k, 2k+1,2k+2, \ldots, n)$ ,
$c_{2j-1}\neq 0$ $(j=1, \ldots, k)$
, $v$ .
$\{$
$E_{i}v=\mu v$ $(i=2k+1,2k+2, \ldots, n)$ ,
$(\mathrm{t}_{\mathit{2}}^{B_{\mathit{2}-l}-E_{\mathit{2}}}.\infty.)^{\mathit{2}}-\mathrm{t}^{E_{\mathit{2}-l}-E_{\mathit{2}}}.\infty_{\mathit{2}}.)-c_{\mathit{2}j-l}^{\mathit{2}}e^{\mathit{2}(t_{\mathit{2}j-l}-t_{\mathit{3}j})})v=(E_{\mathit{2}j-l}+E_{\mathit{2}j})v=(\lambda+\mu-\mathit{2}j+k+l)v,\lambda$
- $(_{2}^{\ovalbox{\tt\small REJECT}\lambda--k+1} -1)v$ ,
$j=1,$ $\ldots,$ $k$ , $E_{\nu}= \frac{\partial}{\partial t_{\nu}}(\nu=1, \ldots, n)$ .
$2^{k}$ , moderate ,
Whittaker vector , 2 Bessel .
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